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We study the applicability of collisional models for non-Markovian dynamics of open quantum
systems. By allowing interactions between the separate environmental degrees of freedom in between
collisions we are able to construct a collision model that allows to study quantum memory effects
in open system dynamics. We also discuss the possibility to embed non-Markovian collision model
dynamics into Markovian collision model dynamics in an extended state space. As a concrete
example we show how using the proposed class of collision models we can discretely model non-
Markovian amplitude damping of a qubit. In the time-continuous limit, we obtain the well-known
results for spontaneous decay of a two level system in to a structured zero-temperature reservoir.
PACS numbers: 03.65.Ud, 03.67.Mn
I. INTRODUCTION
An open quantum system consists of a system of inter-
est (S, the open system) and an environment (E). Usu-
ally, the effects of the environment onto the open system
dynamics are incorporated into an effective description in
terms of master equations [1, 2] for the reduced density
operator of the open system. In general, the validity of
the master equation approach is guaranteed in a Marko-
vian setting, where the master equation takes the fa-
mous Gorini-Kossakowski-Sudarshan-Lindblad (GKSL)
form and is a generator of a dynamical semigroup [3, 4].
Often, when starting from the microscopic model for
S+E , a series of approximations has to be made in order
to be able to describe the open system dynamics in terms
of the GKSL-master equation [2, 5]. Naturally, these
approximations are not generally valid and the dynami-
cal semigroup is not an exact description for all possible
physical situations of interest [6].
Collision models offer an alternative route to the de-
scription of open quantum system dynamics [7–20]. This
description is appealing because the reduced system can
be obtained in many cases without any approximations,
hence the complete positivity (CP) of the dynamical map
is guaranteed. Collision models also provide a physically
transparent way to introduce indirect measurements and
conditional states for the open system [13, 14]. One can
look at collision models as an approximation of continu-
ous in time quantum dynamics but the study of discrete-
in-time dynamics is interesting in its own right as we will
show in this article.
A collision model consists of a system that interacts
locally in time with different environmental degrees of
freedom [9]. As such, the description gives the dynamics
discretely in time in terms of maps Φn : S(HS)→ S(HS),
where S(HS) is the state space of the open system.
If, at each collision, the open system interacts with a
new uncorrelated environmental degree of freedom then
the dynamical map satisfies the semigroup property:
Φn+m = ΦnΦm [8–11, 15, 16], see also Fig. 1. Some-
times we call separate environmental degree of freedoms
sub-environments.
During recent years there has been considerable inter-
est to generalize the collision model description beyond
Markovian quantum processes, ie. beyond the dynami-
cal semigroup [12, 14, 17–20]. One way to do this is to
introduce correlated localized bath states [17, 19]. For ex-
ample by using correlated localized baths any indivisible
quantum channel can be simulated [17]. For our purposes
the pre-correlated bath particles are not suitable because
we want to introduce the memory as a part of the colli-
sion model dynamics. A second way to introduce mem-
ory effects to the open system dynamics is to consider a
system that sequentially collides with the same local en-
vironment but the evolution of the local environment is
given by a quantum channel between the collisions. This
type of model was considered in [12] for the purpose of
processing quantum information. A third, and the most
relevant way for our purposes, is to allow an interaction
between the separate environmental degrees of freedom in
between collisions. In [18] the authors considered a par-
tial swap interaction between the separate environmental
degrees of freedom that allows to propagate correlations
from earlier collisions forward in time. The authors were
able to obtain a general form for the master equation in
the continuous time limit. However, a link to the exactly
solvable model for spontaneous decay of a two level sys-
tem into a structured reservoir [6] is still missing and will
be established based on our novel collision model. There-
fore, our work is in close analogy of that in [18] since we
also want to introduce tunable memory effects by incor-
porating interactions between the environmental degrees
of freedom, but we take this interaction to be unitary.
The structure of the paper is the following. In Sec.
II we introduce the concept of a collision model in de-
tail. First, we discuss a construction that leads always
to a CP-divisible discrete dynamical map. Then we shift
our focus to a generalized model that allows to study in-
divisible quantum dynamical maps and non-Markovian
dynamics. Section III contains an application of the col-
lision model, we show how time continuous amplitude
damping can be simulated using our discrete collision
model. In Sec. IV we discuss in detail the divisibility
and non-Markovianity properties of the example system.
In Sec. V we show how possibly non-Markovian colli-
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2sion model dynamics can be embedded into Markovian
collision dynamics for an extended system and lastly in
Sec. VI we conclude.
II. COLLISION MODELS
In a collision model the system of interest (the open
system) interacts locally in time in a discrete way with
separate degrees of freedom of the environment. A
suitable Hilbert space for the collision model is H =
HS
⊗n
k=1He,k, where HS is the Hilbert space of the sys-
tem and He,k is the Hilbert space for k-th environment
particle. There is in general no restriction on the possible
initial state |Ψ0〉 ∈ H of the collision model. However,
we aim to connect the open system dynamics of the col-
lision model in the continuous limit to a dynamics given
by a dynamical map Φt and therefore we assume that
the initial state is of the form |Ψ0〉 = |ϕ〉 ⊗ |ω〉. Now,
state |ω〉 ∈⊗kHe,k could be generally correlated, and it
is sometimes advantageous to consider correlated initial
states [17] but we aim in this work to model quantum
memory effects dynamically and therefore we choose the
initial state to be |ω〉 = ⊗k |0k〉. In general we focus
on such collision models that might have local dynamics
on the open system only, given by unitary operator U0,
interaction of the open system and ith sub-environment,
given by unitary operator Wi, and possibly a unitary
coupling between the sub-environments i and j given by
Vij .
Before going into details of the collision models we de-
fine for further discussion the concept of divisibility. We
call the dynamical map Φn ≡ Φn,0 divisible if the dynam-
ical map can be composed as Φn+m = Φm+n,nΦn, where
Φn+m,n is a completely positive and trace preserving
(CPT) map. If the “two times” map Φk,l is not CPT for
some pair (k, l) then the dynamics is said to be indivisible.
The two times map is defined as Φn+m,n = Φn+m ◦ Φ−1n
[21]. These notions generalize to continuous families of
maps in a trivial way.
1. Collision model for divisible quantum dynamics
The simplest possible model fitting to our above de-
scribed scenario emerges when we choose Vij = I. The
first two steps of this type of model is presented in
Fig. 1. The open system dynamics for this type of col-
lisional model is given by ρ0 = |ϕ〉〈ϕ| 7→ ρn = En(ρ0) =
trE [(WnU0 · · ·W1U0)ρ0 ⊗ |ω〉〈ω|(U†0W †1 · · ·U†0W †n)]. It is
clear that the dynamical map E satisfies discrete semi-
group property En+m = EnEm, where m,n ∈ Z+. Also
En = En clearly holds. The continuous limit of a collision
model can be thought to emerge when Et ≈ Eng , where
n = [t/g2] (where [x] is a nearest integer to x) and g is
some parameter of the collision model ultimately to be re-
lated to the small time interval during which single colli-
sions take place [17]. A heuristic way to obtain the GKSL
|ϕ〉 U0
W1
U0
W2|0〉
|0〉
Figure 1. First two steps of a collision model where the
open system, initialized in state |ϕ〉, interacts with a new
and uncorrelated sub-environment at each collision. All sub-
environments are initially at state |0〉.
master equation, ie. the continuous limit for this colli-
sion model is to use the relation ρ˙t =
d
dtEtE−1t (ρt) = Lρt
valid for continuous dynamical maps, whenever the in-
verse exists. We would also like to point out the trivial
observation that the (i− 1)th environment particle does
not participate after the (i−1)th collision to the dynam-
ics anymore.
As an example we consider a collision model where
system and environment consists of qubits and initially
all the environment qubits are set to their ground state
|0〉. We take the interaction between the system and the
ith sub-environment during a collision to be
Wi =e
−ig(σ+⊗σ(i)− +σ−⊗σ(i)+ ), (1)
where g describes the coupling strength and we set U0 = I
[22]. If we then set g =
√
γδt, take the derivative with
respect to δt and find the inverse map we can conclude af-
ter expanding the resulting expression to first order in δt
that in the limit δt→ 0 the collision model approximates
the amplitude damping dynamical semigroup generated
by
Lρ =γσ−ρσ+ − γ 1
2
{σ+σ−, ρ}. (2)
2. Collision model for indivisible quantum dynamics
Our main goal is to describe indivisible quantum dy-
namics, using collisional models where we allow for in-
teraction between the separate environmental degrees of
freedom. The simplest possible way to do this to allow
only nearest neighbor interactions. The dynamical map
for the open system is
ρn ≡ Φn(|ϕ〉〈ϕ|) =trE [Kn (|ϕ〉〈ϕ| ⊗ |ω〉〈ω|)K†n], (3)
where K1 = W1U0 and Kn is defined iteratively as Kn =
WnU0Vn,n−1Kn−1 for n ≥ 2. A schematic presentation
of such model can be found in Fig. 2. Clearly, the state of
the ith sub-environment is generally not |0i〉 when Wi is
applied because before the ith collision the uncorrelated
ith sub-environment first interacts with (i − 1)th sub-
environment via Vi,i−1 and after that the system interacts
3|ϕ〉 U0
W1
U0
W2|0〉
V2,1
|0〉
Figure 2. First two steps of a collision model where correla-
tions are propagated by the interaction between the different
sub-environments. Initial state of the system is |ϕ〉 and all
environmental degrees of freedom are initially at state |0〉.
with ith environmental degree of freedom via Wi.
The question of constructing indivisible quantum dy-
namics is thus a question of choosing suitable two qubit
unitary Vj+1,j . Obviously, if we choose Vj+1,j = UA⊗UB
the construction is essentially equivalent to the one pre-
sented in Fig. 1 since UA can be absorbed to Wj and
UB is just a rotation of the initial state. Therefore the
unitary operator Vi+1,i has to be at least non-separable.
Intuitively it is clear that by introducing the cou-
pling Vi+1,i we can propagate information from the ear-
lier collisions trough the correlations created between
He,i+1⊗He,i and these correlations might have influence
on the nature of the dynamics. To verify this intuition we
first tested the collision model construction by sampling
pairs of two qubit unitaries Z1 and Z2 from the uniform
Haar measure [23] and using those as a building block
for the collision model. Specifically we constructed the
maps Φ2,Φ1 and Φ2,1 = Φ2 ◦ Φ−11 according to Eq. (3).
By sampling 106 pairs (Z1, Z2) we observed that approx-
imately 17% of the maps Φ2 were indivisible, ie. Φ2,1 was
not completely positive.
As a second test we chose randomly pairs of two qubit
unitaries V = e−i
∑3
j=1 αjσj⊗σj such that pi/4 ≥ α1 ≥
α2 ≥ α3 ≥ 0, α1 + α2 ≥ pi/4 and α2 + α3 ≤ pi/4. These
correspond to maximally entangling unitaries [24]. In
this case by sampling 106 pairs we obtained that 35%
of samples resulted in indivisible dynamical maps. From
these two tests we can conclude that the proposed col-
lision model (see Eq. (3) and Fig. 2) is suitable for the
study of general open system dynamics.
3. Collision models and repeated measurements
Further, we would also like to point out that the colli-
sion model construction presented in Fig. 2 can be used
for studying repeated quantum measurements [13, 14, 22]
in a setting where the average dynamics does not form
a semigroup. Due to only having a nearest neighbor in-
teraction between the sub-environments the (i−1)th en-
vironmental degree of freedom does not participate after
the ith collision to the dynamics anymore. In Figs. 1 and
2 the non-participating environmental degrees of freedom
are indicated with a dashed line. Therefore after the ith
collision the state of the sub-environments k ≤ i can
be measured without altering the future evolution. This
happens because any observable E
(k)
x = (M
(k)
x )†M
(k)
x
on He,k commutes with Wi, for i 6= k and Vi,i−1 for
k 6= i∧ k 6= i− 1. To state this idea as simply as possible
we refer to Fig. 2 and to the total state after just two
steps. Let U0 = I, then the total state with measurement
of the first sub-environment right after interaction V2,1
is %T =
∑
x1
W2M
(1)
x1 V2,1W1ρ0 ⊗ |ω〉〈ω|W †1V †2,1M (1)x1 W †2 .
Let ρT = K2ρ0 ⊗ |ω〉〈ω|K†2 ( with U0 = I). Since
[W2,M
(1)
x1 ] = 0 it is clear that both ρT and %T lead to
the same reduced state ρ2. By continuing this way and
adding a measurement on He,k−1 after Vk,k−1 in the col-
lision model we could repeatedly measure the collision
model trajectories without altering the mean dynamics.
It should be noted that by this procedure we obtain tra-
jectories for two qubit states, namely a repeated mea-
surement up to step k results in a conditional state on
HS ⊗He,k.
After discussing the potential generality of the collision
model approach on open system dynamics we will focus
on using a collision model approach to simulate continu-
ous in time dynamics trough a paradigmatic example.
III. COLLISION MODEL DESCRIPTION FOR
TIME CONTINUOUS AMPLITUDE DAMPING
The process of spontaneous emission of a two level sys-
tem to a structured reservoir can be described with the
following exact master equation (in a suitable interaction
picture)
ρ˙t =− i
2
st[σ+σ−, ρt] + γt
(
σ−ρσ+ − 1
2
{σ+σ−, ρ}
)
,
(4)
where st is a time dependent shift on the transition en-
ergy of the two level system and γt is a time dependent
decay rate which may be temporarily negative. Functions
st and γt are related to the zero temperature bath cor-
relation function χt,s [6, 25]. The solution of the master
equation can be given as
ρt ≡Φ(c)t ρ = ρ11|ηt|2|1〉〈1|+ (1− ρ11|ηt|2)|0〉〈0|
+ ρ10ηt|1〉〈0|+ ρ01η∗t |0〉〈1|, (5)
where |ηt|2 ∈ [0, 1]. The time dependent function
ηt satisfies the following differential equation η˙t =
−λ ∫ t
0
ds χt−sηs and initial condition η0 = 1. λ is an
additional parameter for the coupling strength between
system and the environment. The resulting dynamical
map Φt describes amplitude damping with a time depen-
dent parameter |ηt|2 [26].
The two times map Φ
(c)
s+t,t = Φ
(c)
t+s ◦ (Φ(c)t )−1 can be
4written as
Φ
(c)
t+s,tρ =ρ11|
ηt+s
ηt
|2|1〉〈1|+ (1− ρ11|ηt+s
ηt
|2)|0〉〈0|
+ ρ10
ηt+s
ηt
|1〉〈0|+ ρ01
η∗t+s
η∗t
|0〉〈1|. (6)
One sees that this is again an amplitude damping channel
iff |ηt+sηt |2 ∈ [0, 1]. We denote by Mt+s,t the Choi matrix
of the map Φt+s,t [27]. From Mt+s,t we see that Φt+s,t
is completely positive when |ηt+s|2 ≤ |ηt|2. Thus the dy-
namical map is indivisible whenever the above condition
is violated. This corresponds to a temporarily negative
decay rate γt in the master equation (4) which corre-
sponds to ddt |ηt|2 > 0 [28].
To fully specify the considered model, we take the spec-
tral density of the reservoir to be a single Lorentzian
leading to an exponential bath correlation function χt =
Γ
2 e
−Γt−iΩt, t ≥ 0. From now on, with the exception of
Sec. V A 1, we will use dimensionless units
Γt = τ, Ω˜ = Ω/Γ, λ˜ = λ/Γ, (7)
which allow us to write
η˙τ =− λ˜
2
∫ τ
0
dτ ′e−(τ−τ
′)−iΩ˜(τ−τ ′)ητ ′ . (8)
The well known analytical solution in these units is
ητ =e
−τ−iΩ˜τ
(
1 + iΩ˜
b
sinh
(τ
2
b
)
+ cosh
(τ
2
b
))
, (9)
where b =
√
(1 + iΩ˜)2 − 2λ˜.
To use collision model (3) to simulate discontinuously
the map (5) we require that at the nth step the dis-
crete collision model dynamics approximates the time-
continuous dynamics given by Eq. (5), ie. Φn ≈ Φ(c)τ=nδτ .
First of all, the environment is taken to consist of qubits,
ie. He,i = C2, and all environment qubits are initially
prepared to be in their ground state, |0i〉. As before, we
take the interaction between the system and environment
qubits to be Wi, see Eq. (1). We also choose the interac-
tion between the environment qubits to be similar to Wi
but with independent parametrization
Vn,n−1 =e−iG(e
iφσ
(n−1)
+ ⊗σ(n)− +e−iφσ(n−1)− ⊗σ(n)+ ), (10)
where G is a real valued coupling constant and φ is an
arbitrary but fixed phase which is to be determined later.
Lastly, we choose U0 = I. The collision model is conve-
niently parametrized with parameters (g,G, φ).
The excitation number operator for the collision model
is N = σ+σ− +
∑
k σ
(k)
+ σ
(k)
− . Since [Vn,n−1, N ] =
[Wi, N ] = 0, the excitation number is a conserved quan-
tity. From the initial condition |0〉〈0| for the environment
qubits and from the excitation number conservation fol-
lows that there can be only one excitation in the collision
model if the initial state of the system qubit contains it.
We set ρ to be the initial state of the system qubit. By
plugging in Vi,i−1, Wi and U0 to Eq. (3) we find that the
state of the system qubit, ρn after n collisions is
ρn =Φn(ρ) = ρ11|ηn|2|1〉〈1|+ (1− ρ11|ηn|2)|0〉〈0|
+ ρ10ηn|1〉〈0|+ ρ01η∗n|0〉〈1|, (11)
which shows that the collision model dynamics for the
system qubit is of amplitude damping type. The discrete
function ηn satisfies the following equation
ηn = cos g
(
ηn−1 − tan2 g
n−2∑
j=0
ηj(−ieiφ cos g sinG)n−1−j
)
,
(12)
see Sec. V for the derivation. ηn depends on the past
values ηj , j ≤ n − 2, through a discrete memory kernel
which emerges from the “single step memory” Vi,i−1 in
the collision model that propagates information from the
past collisions.
The only question that is left is if the time-
continuous limit of the collision model dynamics given by
Eqs. (3),(11), and (12) corresponds to the time continu-
ous amplitude damping dynamics of Eqs. (5),(9). Clearly,
if ηn coincides with ητ in some limit the answer is affirma-
tive. We find that by choosing the parameters (g,G, φ)
of the collision model as
G = arcsin(e−δτ ), (13)
φ =pi/2− Ω˜δτ, (14)
g =
√
λ˜
2
δτ, (15)
where δτ is the dimensionless time interval between two
consecutive collisions, that the difference |ηn − ητ | → 0
in the limit δτ → 0. We verify our results in Fig. 3.
This choice of relation between parameters (g,G, φ) and
(δτ, λ˜, Ω˜) emerges for fixed λ˜ by assuming that g ∝ δτ
and then demanding that ηn+1−ηnδτ converges to Eq. (8)
in the limit δτ → 0. For the proof see Appendix A.
IV. COMPARISON OF TIME CONTINUOUS
AND COLLISION MODEL DYNAMICS
In this section we compare the continuous in time and
collision model with each other in the case of amplitude
damping dynamics for the system qubit. We discuss their
differences in terms of divisibility or non-Markovianity.
For simplicity we study only the resonant case, ie. we set
Ω˜ = 0 for the rest of this section. From Eq. (14) follows
that φ = pi/2.
Amplitude damping in the collision model is deter-
mined by the function ηn. From Eq. (12) we see that
we reach all possible values of the function ηn when
50 2 4 6 8 10 12 14 16
τ
0.0
0.2
0.4
0.6
0.8
1.0
|η τ
|2
λ˜=5 (cont.)
λ˜=5 (coll.)
λ˜=1/3 (cont.)
λ˜=1/3 (coll.)
Figure 3. (Color online) Comparison of ητ obtained from
continuous and collision model. Case λ˜ = 1/3 corresponds to
Markovian evolution and λ˜ = 5 to non-Markovian evolution
of the open system. Other parameters are δτ = 0.02λ˜−1 and
Ω˜ = 0. Collision model parameters G, g and φ are obtained
using Eqs. (13)-(15).
g,G ∈ [0, 2pi). The absolute value |ηn| is symmetric with
respect to reflections of both g,G with respect to pi/2.
Therefore we define the domain S of the collision model
parameters to be
(g,G) ∈ S = [0 + , pi/2− )× [0 + , pi/2− ), (16)
where   1. Equations (13)-(15) give the transforma-
tion between the parameters (Ω˜, λ˜, δτ) and (G, g, φ). The
inverse transformation is
δτ = ln(1/ sinG), (17)
λ˜ =
2g2
ln(1/ sinG)2
. (18)
The inverse function theorem states that the transforma-
tion (g,G, φ) 7→ (δτ, λ˜, Ω˜) is invertible apart from some
neighborhood of the singular point δτ = 0. Since the
parameters of the collision model and the time continu-
ous model are in one-to-one correspondence, we can re-
parametrize ηn in terms of λ˜, δτ and identify time step n
with a time nδτ = τ in the time continuous model. We
can thus write ηn ≡ η(g,G)n = η(δτ,λ˜)n ≡ ηnδτ = ητ .
A. Divisibility
Open system dynamics is called indivisible in the time-
continuous case if the two times map Φ
(c)
τ+τ ′,τ is not com-
pletely positive, where τ, τ ′ > 0. In the time-discrete
case the definition is that the map is indivisible if Φm+n,n
is not completely positive. Both maps are indivisible if
the associated Choi matrix is not positive. We denote
the time-continuous and the time-discrete Choi matrices
with Mτ+τ ′,τ and Mm+n,n, respectively.
The negativity condition of the Choi matrices Mn+1,n
in the time-discrete and Mτ+δτ,τ in the time-continuous
cases is
|ηn+1|2 >|ηn|2, (19)
|ητ+δτ |2 >|ητ |2. (20)
These are the conditions for the non-complete positivity
of the associated two times maps. We know that the
time-continuous model is indivisible when λ˜ > 1/2 [28].
In Fig. 4 we have plotted the boundary λ˜ = 1/2 on set
S=0.01 with a solid gray line. Above this line the col-
lision model dynamics is indivisible. In Fig. 5 we have
plotted the image of S=0.01 under the mapping (17)(18)
with dark gray non-solid lines. The dotted dark gray
line is the image of the boundary (g,G)|g=. Solid gray
line is the boundary λ˜ = 1/2 between the divisible and
indivisible dynamics. Light gray non-solid lines are the
boundaries of the set S=0.005. One sees how the con-
tinuous limit δτ → 0 is obtained by letting g → 0 for a
fixed λ˜. Colored data points in both figures correspond to
non-Markovianity of the dynamics for n = 30 collisions,
which we will discuss next.
B. Non-Markovianity
Various different criteria for non-Markovian open sys-
tem dynamics have been proposed in the literature re-
cently, [16, 29–35]. For further detail see a recent review
article [36]. In this work we use the measure proposed in
[30] which is based on contractivity of the trace distance
under positive maps [37]. For an application of this non-
Markovianity measure to time-discrete dynamics, see for
example [38].
Let D = 12 |ρ(1) − ρ(2)| be the trace distance between
two quantum states. In the time continuous case the
measure for non-Markovianity is given as an optimization
over initial state pairs that maximize the time intervals
of trace distance increase during some evolution interval
τ ′ ∈ [τ0, τ ]. It can be expressed as
Nτ = max{ρ(i)}
∫
D˙(τ ′)≥0
D˙(τ ′)dτ ′. (21)
It has been shown that the optimal state pair is orthogo-
nal [39]. Crucial difference between time-continuous dy-
namics and collision model dynamics is that in the latter
case the derivative of the trace distance does not exist.
Therefore the measure in the time-discrete setting for
k ∈ [0, n] is given by
Nn = max{ρ(i)}
∑
D(k+1)−D(k)>0
D(k + 1)−D(k). (22)
For the special case studied here we can express the
trace distance between two initial states ρ(1), ρ(2) under
6either discrete or continuous amplitude damping as
D(n) =
1
2
√
|ηn|2(d2x + d2y) + |ηn|4d2z, (23)
where dα,n = tr
[
σα(ρ
(1) − ρ(2))], σα, α = 1, 2, 3 are the
Pauli matrices. The time-continues case is obtained by
replacing the discrete index n with a continuous param-
eter τ . We know that for this case the optimal pair
of initial states is any pair of states on the equator of
the Bloch sphere [40]. We choose the initial state pair
to be |ϕ±〉 = 1√2 (|0〉 ± |1〉) in order to obtain sim-
ple expression for the trace distance evolution between
the optimal pair; D∗(n) = |ηn| in the discrete case
and D∗(τ) = |ητ | in the time continuous case. Since
D∗(τ + δτ)−D∗(τ) = |ητ+δτ | − |ηδτ | we can deduce that
whenever |ητ | behaves non-monotonically between sub-
sequent steps it is a signature of non-Markovianity of the
dynamics. This observation explains why the definition
S in Eq. (16) is reasonable. By recalling Eq. (19) we
see that for this specific system the indivisibility of the
two times map Φn+1,n implies the non-Markovianity of
the dynamics. This is seen also in Figs. 4 and 5, where
non-Markovianity occurs in the regions of indivisibility.
In Fig. 4 we chose 14 400 pairs of values for (g,G) ∈ S,
where  = 0.01 and calculated the non-Markovianity of
the collision model dynamics using the optimal initial
pair for n = 30 collisions. In this figure we also plotted
the boundary between divisible and indivisible dynamics,
λ˜ = 1/2 of the continuous in time model. We see that
the non-Markovianity of the collision model dynamics oc-
curs in the region of indivisibility of the time-continuous
model. Small inconsistencies are due to numerical inaccu-
racies. Nonzero value for  is chosen to avoid divergences.
From the figure we see that by increasing the value of G,
the strength of the environment particle coupling Vi,i−1,
the dynamics becomes more non-Markovian.
In Fig. 5 we mapped the non-Markovianity values to
(δτ, λ˜) coordinates using Eqs. (17) and (18). We also
mapped the boundaries of the region S for  = 0.01
with dark gray non-solid lines and for  = 0.005 with
light-gray non-solid lines. Solid gray line is the boundary
λ˜ = 1/2. There are regions the image of S=0.01 such
that λ˜ > 1/2 that do not show non-Markovianity. These
emerge because the number of collisions n = 30 is too
small for the first revival of |ηnδτ | to occur.
Interestingly, in the case of amplitude damping dy-
namics, we can connect sub-optimal non-Markovianity
of the collision model dynamics to the indivisibility of
the map Φ
(c)
τ+δτ,τ of the time-continuous case. It is
based on the following observations. The only possi-
bly negative eigenvalue of the Choi matrix Mτ+δτ,τ is
λ
(M)
τ+δτ,τ = |ητ |2 − |ητ+δτ,τ |2 Evolution of the trace dis-
tance in the collision model for the sub-optimal initial
state pair |0〉 , |1〉 (dz = 2, dx = dy = 0 in Eq. (23)) is
D˜(k+ 1)− D˜(k) = |ηk+1|2− |ηk|2. This just the possibly
negative eigenvalue of the Choi matrix Mk+1,k. Now, by
Eqs. (17),(18) and the discussion in the beginning of the
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Figure 4. (Color online) Non-Markovianity of the collision
model after n = 30 steps and using the optimal initial state
pair |ϕ±〉 = 1√2 (|0〉 ± |1〉). We chose uniformly 14 400 val-
ues g,G ∈ S, where  = 0.01. We have chosen  6= 0 in
order to avoid divergences. The black line corresponds to the
boundary between divisible and indivisible dynamics of the
continuous in time model, λ˜ = 1/2.
Sec. IV we can write
D˜(k + 1)− D˜(k) = |ητ+δτ |2 − |ητ |2 = λ(M)τ+δτ,τ . (24)
By defining the sub-optimal non-Markovianity as usual
Mn =
∑
D˜(k) D˜(k), we can write
Mn =−
∑
λ
(M)
τ′+δτ,τ′<0
λ
(M)
τ ′+δτ,τ ′ . (25)
We would like to point out that Mn > 0 =⇒ Nn > 0.
We have thus shown that in this case the discrete non-
Markovian dynamics provides us information about the
indivisibility properties of the time-continuous dynamical
map.
V. MARKOVIAN EMBEDDING OF
NON-MARKOVIAN DYNAMICS
It is well known in the classical case that non-
Markovian processes can be embedded into Markovian
processes in an extended state space. This can also be
done in the quantum case, a prime example being the
pseudomode method [6] where the indivisible dynamics
of the system of interest is obtained by partial trace from
a state of a larger system that obeys the GKSL mas-
ter equation. In this section we study the possibility to
embed the class of collisional models presented schemati-
cally in Fig. 2 when the open system and the environment
consists of qubits.
By taking a partial trace over the Hilbert space⊗n−1
i=1 He,i of the total state Kn(|ϕ〉〈ϕ|⊗|ω〉〈ω|)K†n after
n collisions we obtain a two qubit state κn ∈ S(HS ⊗
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Figure 5. (Color online) Data from Fig. 4 is mapped to
(δτ, λ˜)-coordinates using Eqs. (17), (18). Solid line is the
boundary λ˜ = 1/2 between divisible and indivisible dynamics.
Area confined by dark gray (non-solid) lines correspond to
the image of S, where  = 0.01 under the same mapping.
Light gray (non-solid) lines indicate the image of S′ with
′ = 0.005. The dotted lines correspond to the image of the
boundary g =  of the set S. We thus see how the time
continuous limit δτ → 0 is obtained for fixed λ˜ by letting
g → 0.
He,n). The reduced state of the system qubit can be ob-
tained from state κn by tracing out the nth environment
qubit
ρn =trn {κn} . (26)
It turns out that the two qubit state then evolves accord-
ing to the map Λ defined by
κn =Λκn
≡ trn−1
{
WnVn,n−1 (κn−1 ⊗ |0n〉〈0n|)V †n,n−1W †n
}
,
(27)
with an initial condition
κ1 =W1ρ0 ⊗ |01〉〈01|W †1 . (28)
The map Λ does not depend on the step numbers since we
assume that the collision model is homogeneous. Then
clearly the state κn can be written as κn = Λ
n−1κ1,
where Λk = Λ ◦ Λk−1. The structure of the collision
model however gives a very special form for the initial
state κ1 of the enlarged dynamics, especially it might
be an entangled state between the system and the first
environment qubit.
From this follows our first non-trivial observation. The
map Λ is not necessarily completely positive since it is
obtained from tracing over (n − 1)th qubit which might
be entangled with the system qubit. However it is easy
to see that the κn is a valid state since the map Λ is
positive and trace preserving. Thus we have at least a
|ϕ〉
W1 W1 W1
|0〉
V2,1
× ×
V3,1
× ×
|0〉 × ×
|0〉 × ×
Figure 6. Qubit+ancilla embedding of the non-Markovian
collision model, first three steps. We have left out single qubit
unitaries U0 for the system qubit for simplicity.
model for positively divisible dynamics.
The relevant Hilbert space for the bipartite state after
n collisions isHS⊗He,n. This Hilbert space is isomorphic
to HS ⊗He,1. We can use swap operators Sk,l that swap
the states between the environment particle k and l to
implement this isomorphism
WnVn,n−1 =(Sn,1)2Wn(Sn,1)2Vn,n−1
=Sn,1W1Sn,1Vn,n−1, (29)
where the identity follows from S−1k,l = Sk,l = S
†
k,l.
The benefit of writing the collision model this way is
that now the system qubit always interacts with the
first environment particle which we will call ancilla from
now on. Non-Markovian dynamics of the system qubit
might be possible to embed into Markovian dynam-
ics for the enlarged qubit+ancilla system. Circuit dia-
gram for the collision model with ancilla qubit is pre-
sented in Fig. 6. Clearly, the map Λ can be written
also as Λκn = trn−1{Sn,1W1Sn,1Vn,n−1κn−1(|ϕ〉〈ϕ| ⊗
|0〉〈0|)V †n,n−1Sn,1W †1Sn,1} using the isomorphism be-
tween the original and qubit+ancilla collision models. In
the next subsection we illustrate the embedding construc-
tion with a specific example.
A. Embedding collisional amplitude damping
dynamics
We take Wi from Eq. (1) and Vi,i−1 from Eq. (10). We
assume that initially the system qubit can be in an arbi-
trary pure state and ancilla qubit is in its ground state.
Equation (28) then gives the initial state κ1, the explicit
form for the initial state can be found in Appendix B.
From the initial condition and from the conservation of
the excitation number we can deduce that 〈11|κn |11〉 =
〈11|κn |10〉 = 〈11|κn |01〉 = 〈11|κn |00〉 = 〈00|κn |11〉 =
〈01|κn |11〉 = 〈10|κn |01〉 = 0. Thus the dynamics is
confined in to a subspace {|10〉 , |01〉 , |00〉} where the first
index is for the system and the second for the ancilla.
The map Λ is not necessarily completely positive as
discussed earlier since the state κ1 is entangled. The
reader may find the map Λ written explicitly in the ba-
8sis {|10〉 , |01〉 , |00〉} in Appendix C. However we know
from the Kraus theorem that if we can write the map in
the form Λκ =
∑
iBiκB
†
i , where
∑
iB
†
iBi = I then the
map is completely positive and trace preserving [26]. The
search of the Kraus operators is non-trivial because of the
correlated initial state [41, 42]. However, the fact that the
Kraus operators can not be found using the standard ap-
proach does not mean that they do not necessarily exist
for this map [43].
Luckily, in this case we can find the Kraus decompo-
sition by using the explicit construction of the map Λ.
The map Λ can be written as
κn = Λκn−1 =
2∑
i=1
BiκnB
†
i , (30)
where the operators B1 and B2 are
B1 =C|00〉〈01|, (31)
B2 =c|10〉〈10| − eiφsS|10〉〈01|
− is|01〉〈10| − ieiφcS|01〉〈01|+ |00〉〈00|, (32)
and where s = sin g, S = sinG, c = cos g and C = cosG.
As we can see from Eqs. (31) and (32) operator B2
acts trivially on one dimensional subspace Hg spanned
by |00〉 and creates linear combinations in the subspace
He spanned by |10〉 , |01〉. B1 is just a transition opera-
tor from He to Hg. Naming of these subspaces reflects
the physical picture of a dissipative process where exci-
tation resides in the two qubit system if the state lies in
a subspace He and the excitation has dissipated to the
environment if the state of the two qubit system is in
Hg. Naturally, since we are dealing with quantum sys-
tems the state could be a superposition state of vectors
in Hg and He.
Indeed, the initial state κ1 is of the superposition form.
Namely, κ1 = |ψ〉〈ψ|, where |ψ〉 = c0 |00〉+c1(cos g |01〉−
i sin g |10〉), see Appendix B. For future reference we write
|ψ˜1〉 = g1 |00〉+α1 |01〉+β1 |10〉 ≡ |ψ〉. Symbol |ϕ˜〉 is used
to denote that vector ϕ is not necessarily normalized to
unity.
Starting from a state κ1 the dynamical map Λ pro-
duces a mixed state κ2 =
∑
iBiκ1B
†
i , where B1κ1B
†
1
can be written as |ξ2|2|00〉〈00|. The other component of
the mixed state κ2 is B2κ1B
†
2 which can be written as
|ψ˜2〉〈ψ˜2|, where |ψ˜2〉 = g2 |00〉 + α2 |10〉 + β2 |01〉. Con-
tinuing this way we deduce that for arbitrary n we can
write the state κn as
κn = |ψ˜n〉〈ψ˜n|+ |ξn|2|00〉〈00|, (33)
with |ξ1|2 = 0 and |ψ˜1〉 = |ψ〉.
By comparing the coefficients of states κn+1 and κn
we see that the parameters αn, βn and ξn satisfy the
following recursion relation
αn+1 =(αnc− βneiφsS), (34)
βn+1 =− (αnis+ βneiφsS), (35)
ξn+1 =Cβn + ξn, (36)
with initial conditions ξ1 = c0, α1 = c1 cos g and β1 =
−ic1 sin g.
By tracing out the environment qubit from κn and by
using the amplitude damping channel structure of the
map Φn we can write the function ηn in terms of colli-
sion model as ηn = αn/(c1c
∗
0). Then from the recursion
relations (34),(35) we obtain Eq. (12) for the function ηn.
1. Continuous limit of Λn
Note that in this section we will use physical units, eg.
(t,Γ,Ω, λ), since the discussion in this section becomes
most natural by this choice. Map Λ describes discrete
Markovian dynamics. We expect that the continuous
limit is given by a dynamical semigroup eLt. For a small
time interval δt we can use the dynamical semigroup to
write κn+1 ≈ κn + δtLκn. Then we demand that to first
order in δt we have
(I+ δtL)κn =Λκn. (37)
It turns out that the continuous limit of Λ is given by
the following Lindblad master equation
Lκ =− i( [ασ+σ− ⊗ I+ βI⊗ σ+σ−, κ]
+ δ [σ+ ⊗ σ− + σ− ⊗ σ+, κ]
)
− γ ({I⊗ σ+σ−, κ}+ 2I⊗ σ−κI⊗ σ+) , (38)
where α, β, δ and γ are free parameters.
By choosing the δt dependence of the collision model
parameters as in Eqs. (13)-(15) and then by expanding by
expanding the state Λκ to first order in δt and comparing
to (I + δtL)κ we obtain the following conditions for the
free parameters: α = 0, β = Ω, δ =
√
λΓ
2 and γ = Γ.
What we have obtained is that in the continuous limit
the generator of the two qubit dynamics is given by
Lκ =− i(Ω [I⊗ σ+σ−, κ]
+
√
λΓ
2
[σ+ ⊗ σ− + σ− ⊗ σ+, κ]
)
− Γ ({I⊗ σ+σ−, κ}+ 2I⊗ σ−κI⊗ σ+) . (39)
We can identify this as the pseudomode master equation
for the spontaneously decaying two level system when the
environment is initially in the zero temperature vacuum
state [6].
9VI. CONCLUSIONS
In this work we have studied the possibility to use col-
lisional models for studying indivisible quantum dynam-
ics and non-Markovianity. We proposed in Sec. II 2 a
collisional model that shows potential for constructing
indivisible dynamical maps.
We also showed in Sec. III that our model can be used
to simulate the process of spontaneous decay of a two
level system to a structured reservoir, which leads to am-
plitude damping, exactly. We discussed in Sec. IV the
non-Markovianity of the collision model dynamics which
is discrete in time and its relation to the indivisibility of
the time-continuous dynamical map.
In Sec. V A we showed how one can distinguish a par-
ticular environment particle and interpret it as a pseu-
domode. We also showed how this leads to positively
divisible dynamics for the combined bipartite system.
We studied in detail the case of amplitude damping and
found out that in the time continuous limit we obtain the
well known pseudomode master equation.
We can conclude that the collision model approach
shows great potential for studying quantum memory ef-
fects in open quantum system dynamics. They might
open a way to study continuous monitoring of the open
system in the case where the dynamical map is indivisi-
ble. Clearly, a very wide open question is what properties
are generally required for the operators Wi and Vi,i−1 so
that the collision model dynamics is indeed indivisible.
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Appendix A: Proof of Eqs. (13)-(15)
Here we show how the continuous-in-time limit for
the collisional model dynamics given by Eqs. (3)(1)(10)
is obtained. We begin by assuming that g ∝ δτ .
Then we assume that δτ  1 and in Eq. (12) we
use cos2 g ≈ 1, tan2 g ≈ g2. With these the dif-
ference ∆ηn = ηn − ηn−1 can be written as ∆ηn =
−g2∑n−2j=0 ηj(−ieiφ cos g sinG)n−1−j . When we substi-
tute to the above equation cos g ≈ 1 and Eqs. (13)-(15)
we obtain ∆ηn = −λ λ˜2 δτ
∑n−2
j=0 δτηj(e
−(1+iΩ˜)δτ )n−1−j .
Next we take the continuous limit δτ → 0, where we are
allowed to replace (n − 2)δτ ≈ (n − 1)δτ ≈ τ , and we
obtain
η˙τ = lim
δτ→0
∆ηn
δτ
= − λ˜
2
∫ τ
0
dτ ′ e−(1+iΩ˜)(τ−τ
′)ητ ′ , (A1)
which is the defining equation for ητ .
Appendix B: Initial condition
The initial state for the open system+ancilla evolution
in Sec. V A is given by κ1 = W1ρ0 ⊗ |01〉〈01|W †1 which
can be written explicitly as
κ1 =ρ11
(
cos2 g|10〉〈10|+ sin2 g|01〉〈01|)+ ρ00|00〉〈00|
+ iρ11 cos g sin g (|10〉〈01| − |01〉〈10|)
+ ρ10 (cos g|10〉〈00| − i sin g|01〉〈00|)
+ ρ01 (cos g|00〉〈10|+ i sin g|00〉〈01|) . (B1)
κ1 can be written in terms of vectors |ϕ˜1〉 =
c1(cos g |10〉 − i sin g |01〉), |ϕ˜2〉 = c0 |00〉, where |c0|2 =
ρ00, |c1|2 = ρ11, c0c∗1 = ρ01 and c1c∗0 = ρ10 as κ1 =
|ϕ˜1〉〈ϕ˜1|+ |ϕ˜2〉〈ϕ˜2|+ |ϕ˜1〉〈ϕ˜2|+ |ϕ˜2〉〈ϕ˜1|.
Appendix C: Map κn+1 = Λκn
Here we write explicitly the dynamical map studied in
Sec. V A. The map Λ : κn 7→ κn+1 can be written in the
basis {|10〉 , |01〉 , |00〉} as
κn+1 =
(
κ10,10c
2+s2S2κ01,01−csS(e−iφκ10,01+eiφκ01,10) i(csκ10,10+Sc2e−iφκ10,01−eiφSs2κ01,10+csS2κ01,01) cκ10,00−eiφsSκ01,00
−i(csκ10,10+Sc2eiφκ01,10−csS2κ01,01−e−iφs2κ10,01) κ10,10s2+csS(e−iφκ10,01+eiφκ01,10)+c2S2κ01,01 −i(sκ10,00+eiφcSκ01,00)
cκ00,10−e−iφsSκ00,01 i(sκ00,10+cSe−iφκ00,01) C2κ01,01+κ00,00
)
,
(C1)
where c = cos g, s = sin g, S = sinG and C = cosG
and κij,kl = 〈ij|κn |kl〉. Validity of the Kraus operators
B1, B2 can be easily verified using the above explicit ex-
pression.
[1] R. Alicki and K. Lendi, Quantum Dynamical Semigroups
and Applications, Lecture Notes in Physics (Springer-
Verlag, 1987).
10
[2] H.-P. Breuer and F. Petruccione, Theory of open Quan-
tum Systems (Oxford University Press, 2007).
[3] V. Gorini, A. Kossakowski, and E. C. G. Sudarshan, J.
Math. Phys. 17, 821 (1976).
[4] G. Lindblad, Comm. Math. Phys. 48, 119 (1976).
[5] C. Cohen-Tannoudji, J. Dupont-Roc, and G. Grynberg,
Atom-Photon Interactions: Basic Processes and Applica-
tions (Wiley, 1998).
[6] B. M. Garraway, Phys. Rev. A 55, 2290 (1997).
[7] J. Rau, Phys. Rev. 129, 1880 (1963).
[8] V. Scarani, M. Ziman, P. Sˇtelmachovicˇ, N. Gisin, and
V. Buzˇek, Phys. Rev. Lett. 88, 097905 (2002).
[9] M. Ziman, P. Sˇtelmachovicˇ, V. Buzˇek, M. Hillery,
V. Scarani, and N. Gisin, Phys. Rev A 65, 042105 (2002).
[10] M. Ziman and V. Buzˇek, Phys. Rev A 72, 022110 (2005).
[11] M. Ziman, P. Sˇtelmachovicˇ, and V. Buzˇek, Open Sys.
Inf. Dyn. 12, 81 (2005).
[12] V. Giovannetti, J. Phys. A 38, 10989 (2005).
[13] S. Attal and Y. Pautrat, Ann. Inst. Henri Poincare 7, 59
(2006).
[14] C. Pellegrini and F. Petruccione, Journal of Physics A:
Mathematical and Theoretical 42, 425304 (2009).
[15] V. Giovannetti and G. M. Palma, Phys. Rev. Lett. 108,
040401 (2012).
[16] V. Giovannetti and G. M. Palma, J. Phys. B 45, 154003
(2012).
[17] T. Ryba´r, S. N. Filippov, M. Ziman, and V. Buzˇek, J.
Phys. B 45, 154006 (2012).
[18] F. Ciccarello, G. M. Palma, and V. Giovannetti, Phys.
Rev A 87, 040103 (2013).
[19] F. Caruso, V. Giovannetti, C. Lupo, and S. Mancini,
Rev. Mod. Phys. 86, 1203 (2014).
[20] S. Lorenzo, A. Farace, F. Ciccarello, G. M. Palma, and
V. Giovannetti, Phys. Rev A 91, 022121 (2015).
[21] B. Vacchini, A. Smirne, E.-M. Laine, Jyrki Piilo, and
H.-P. Breuer, New J. Phys. 13, 093004 (2011).
[22] T. A. Brun, Am. J. Phys. 70, 719 (2002).
[23] F. Mezzadri, Not. Am. Math. Soc. 54 (2007).
[24] B. Kraus and J. I. Cirac, Phys. Rev A 63, 062309 (2001).
[25] W. T. Strunz, L. Dio´si, and N. Gisin, Phys. Rev. Lett.
82, 1801 (1999).
[26] M. A. Nielsen and I. L. Chuang, Quantum Computation
and Quantum Information (Cambridge Series on Infor-
mation and the Natural Sciences), 1st ed. (Cambridge
University Press, 2004) published: Paperback.
[27] M.-D. Choi, Lin. Alg. App. 10, 285 (1975).
[28] E.-M. Laine, J. Piilo, and H.-P. Breuer, Phys. Rev. A
81, 062115 (2010).
[29] M. Wolf, J. Eisert, T. Cubitt, and J. Cirac, Phys. Rev.
Lett. 101 (2008).
[30] H.-P. Breuer, E.-M. Laine, and J. Piilo, Phys. Rev. Lett.
103 (2009).
[31] A. Rivas, S. F. Huelga, and M. B. Plenio, Phys. Rev.
Lett. 105, 050403 (2010).
[32] X.-M. Lu, X. Wang, and C. P. Sun, Phys. Rev. A 82,
042103 (2010).
[33] S. Luo, S. Fu, and H. Song, Phys. Rev A 86 (2012).
[34] S. Lorenzo, F. Plastina, and M. Paternostro, Phys. Rev.
A 88, 020102 (2013).
[35] D. Chruciski and S. Maniscalco, Phys. Rev. Lett. 112,
120404 (2014).
[36] H.-P. Breuer, E.-M. Laine, J. Piilo, and B. Vacchini,
arXiv:1505.01385 [quant-ph] (2015), arXiv: 1505.01385.
[37] D. Prez-Garca, M. M. Wolf, D. Petz, and M. B. Ruskai,
J. Math. Phys. 47, 083506 (2006).
[38] K. Luoma and J. Piilo, arXiv:1509.04231 [quant-ph]
(2015), accepted in J. Phys. B.
[39] S. Wissmann, A. Karlsson, E.-M. Laine, J. Piilo, and
H.-P. Breuer, Phys. Rev. A 86, 062108 (2012).
[40] Z. Y. Xu, W. L. Yang, and M. Feng, Phys. Rev A 81,
044105 (2010).
[41] P. Sˇtelmachovicˇ and V. Buzˇek, Phys. Rev A 64, 062106
(2001).
[42] P. Sˇtelmachovicˇ and V. Buzˇek, Phys. Rev A 67, 029902
(2003).
[43] D. M. Tong, J. L. Chen, J. Y. Huang, L. C. Kwek, and
C. H. Oh, Las. Phys. 16, 1512 (2006).
